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1．Ｉｎｔｒｏｄｕｃｔｉｏｎ
Ｌｅｔｐｂｅａｐｒｉｍｅｎｕｍｂｅｒ・DenotebyZptheringofladicintegersWestudiedthestructureofthelclass
groupofanalgebraicnumberfieldbyapplyingrepresentationtheoryi、{3],whenafiniteGaloisextension
Mofabasefieldlc，whichisafinitealgebraicnumberfield，hasaGaloisgroupwhosep-Sylowsubgroupis
normaLWestudiedthestructureofitsp-classgroupasaZpG-module，ｗｈｅｒｅＯｉｓｔｈｅＧａｌｏｉｓｇｒｏｕｐａｎｄ
ＺｐＧｉｓｔｈｅｇｒｏｕｐｒｉｎｇｏｆＧｏｖｅｒＺｐ・Precisely)ｗｅｓｈｏｗｅｄｔｈｅｆｂｒｍｕｌａｇｉｖｉｎｇｔｈｅｓｔｒuctureofthequotient
oftlleZpG-ｍｏｄｕｌｅＺｐ⑭AbytheJacobsonradical,whereAistheidealclassgｒｏｕｐｏｆＭ・Concerningthis
work,itisveryinterestingtoapplythismethodtoanalyzethestructureofthequotientgroupA/Dbythe
subgroupDgeneratedbyprimeidealsdividingpAsweshowedin[2],ifpisoddandifthemmuspart
ofZp⑭Ａ/DvanishesfbrsuccessivetwolayersofthecyclotomicZp-extensionofaCM-fieldcontaininga
primitivepthrootofunity,theLeopoldtconjectureandtlleGreenbergcoIljecturearevalid,simultaneously・
Inthepresentpaper,westudyFp⑭Ａ/Dasanapplicationofthemethoddevelopedin[3]andobtaina
fbrmulagivingthenumberofitsindecomposablefactorsasＦｐＣ－modules,whereFpisthefieldofp-elements
LｅｔＧｐｂｅｔｈｅｐ－ＳｙｌｏｗｓｕｂｇｒｏｕｐｏｆＧａｎｄｌｅｔＧｏｂｅａｍａｘｉｍａｌｐﾉｰsubgroupTbavoidthecomplexargument
relativetothecentralextension,wesupposetheGaloisgroupGofMハsatisfies
(1) Ｇ＝Ｇｐ×ＣＯ．
ＷｅｄｅｓｃｒｉｂｅｄｔｈｅｆＯｒｍｕｌａｉｎｔｅｒｍｓｏｆcharactersofrepresentationofgroupsHowever，bythereasonthat
thisapproachisslightlyintricacy,ｗｅｕｓｅｉｄｅｍｐｏｔｅｎｔｅｌｅｍｅｎｔｓｏｆｔｈｅｇｒｏｕｐｒｉｎｇｉｎｔｈｅｂｅｌｌｏｗ・
TheorganizationofthisarticleisasfOllows・Werecallthetheoryofcentralextensionofclassfieldtheory
in§2,andmakepreparationfromrepresentationtheoryin§３．Wemodifytheargumentof[3]withadjusting
totheproblemstudyingherein§4,andconsidertheabovevanishingproblemofZp⑭Ａ/Dinthecyclotomic
Zp-extensioni、§５１，§6,wecomputeanexamplewhenprimeidealsnotdividingpareramifiedinM/ＭＣＰ．
２．Ｃｅｎｔｒａｌｅｘｔｅｎｓｉｏｎｓ
ＬｅｔＨｂｅｔｈｅｍａｘｉmalunramifiedp-decomposedabelianp-extensionofM・Here,aGaloisextensioniscalled
p-decomposedifeveryplaceslyingaboveparecompletelydecomposedLetK(γveSpM')bethefixedfield
bythesubgroupGp(mespCo)oftheGaloisgroupGql(〃ハ）AnintermediatefieldLoftheextensionH/M
iscalledacentralextensionwithrespecttoM/KifLisaGaloisextensionoMandiftheGaloisgroupL/M
isasubgroupofthecenterofGql(Ｍ/ん)ＬｅＷ】vbeaZpGLmodulewhichisisomorphiｃｔｏＧｑｌ(L/Ｍ)LeM
betheidealofZpGpgeneratedbyび－１fOrallぴｅＧｐ・Sincel/h`/1V)VisthemaximalquotientofV)vwhere
Gpactstrivially,thefixedfieldH1byn/)VinHisacentralextensionwithrespecttoM/Knlrthermore，
evelycentralextensionisasubfieldofthiscentralextension，ＤｅｎｏｔｅｂｙＨＱｂｔｈｅｍａｘｉｍａｌａｂｅｌｉａｎｅxtension
ofKcontainedinHWeseeHoｂＭＣＨＬＰｕＷｌ；)＝V】w/IWItisisomorphictoGaJ(H1/M)Thereisa
submoduleVX，ofl/l｝)correspondingtoGal(H1/H･ＤＭ）ＰｕＷ)(P)＝Vj｝)/IノルThismoduleisisomorphic
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toGaJ(ＨａＷ/Ｍ）Therefbre,weobtainanexactsequenceofZpG-module,whereGpactstrivially：
(2)Ｏ－ＶＸ`→V】|/)→Vl1)→0
Werecallthedescriptionofl/X,intermsofclassfieldtheory､LetCMbetheideleclassgroupofM・Let
jV】ＷＫｂｅｔｈｅｎｏｒｍｍａｐｏｆＯＭｉｎｔｏｔｈｅｉｄｅｌｅｃｌａｓｓｇｒｏｕｐＣＫｏｆＫＷｅｈａｖｅ
Ｈ-1(Ｃａｌ(Ｍ/Ｋ),○M)＝KerjVM/K/IＯＭ
LetDMbeaclosedsubgroupofCMcorrespondingtotheabelianextensionH/Mbyclassfieldtheory・The
restrictionofGql(Ｈ１/Ｍ)ontoHabisdescribedwithﾉVM/Ｋａｓ
Ｇ(Ｌｌ(Ｈ１/Ｍ)=ＣＭ/(IOM)DMjY44g<ＯＫ/jVjWK(ＤＭ)＝Ｃａｌ(Ｈａｂ/Ｋ)，
whereﾊﾉﾉWkisthehomomorphismwhichsendsq(IOM)DtoハノjWK(q)ｊＶｊＷＫ(Ｄ).Wesee
ＫｅＷＭバー(KerjVM/K)ＤＭ/(IOM)DM
givestheGaloisgroupofH,/ＭＨａ６・NoteKer/VM/KisthehomomorphicimageofH-1(Gql(Ｍ/Ｋ),ＣＭ）
ＳｉｎｃｅＧｑｌ(H1/ＭＨａｂ）二ＶX,,thismapinducesasuljectivehomomorphismp・WeconsiderGoactson
Gp＝Ｃａｌ(Ｍ/Ｋ)byconjugate、ThisactionistrivialbecauseofG＝ＧｏｘＧｐ・TheGo-modulestructure
onthecohomologygroupH-1(Gql(Ｍ/Ｋ),ＣＭ）isinducedbythistrivialactionanｄｂｙｔｈｅａｃｔｉｏｎｏｆＧｏ
ｏｎＣＭ・ThecohomologygroupH-3(Ｃａｌ(Ｍ/Ｋ),Ｚ)isacyclicgroupoforder[１ＭＫ]generatedbythe
canonicalclass(M/KByclassfieldtheory,theactionofGoon（M/KistriviaLSinceH-1(Ｃａｌ(Ｍ/Ｋ),Ｚ)is
anabelianp-group,itisaZpGo-moduleBy'nLte，stheorem,thecupproductzU<Ｍ/Kgivesanisomorphism
ofH-3(ＣＱ！(Ｍ/Ｋ),Ｚ)ontoH-1(ＧＭ(Ｍ/Ｋ),ＣＭ)ＥａｃｈぴeGoactsthecupproductbyび(ｚＵ（M/K）＝
(び⑰)Ｕ(ひ5M/K）WeseeH-1(Gql(Ｍ/Ｋ),ＣＭ)isatrivialGo-moduleltfbllowslmp＝I/X`isalsoatrivial
ZpGo-moduleLetMabbethemaximalabelianextensionofKcontainedinMBy(1.3)ｉｎ[3],weobtain
twoexactsequences
(3)Ｏ→VX`→I/】(/)-→Ｇｑｌ(H､b/Mob)二V】(1)→Ｏ
(4)０－→Ｃａｌ(ＨＱ６/〃｡b)-→Ｃａｌ(Hqb/Ｋ)-→Ｃａｌ(Ｍａｂ/Ｋ)-→０．
1,{3],existenceofthesesequencesisprovedfOrthemaximalunramifiedabelianp-extensionofMHowever，
theproofisaﾊﾉailableingeneralwhenHisaGaloisextensionofAandwhenH/Kisanabelianかextension．
３．Preparationfromrepresentationtheory
TheJacobsonradicalJofthegroupringZpGisIZpG＋pZG,ｃ・メＬｅｍｍａｌｉｎ[３１WeseeZpG/IZpG=
ZpGbandZpG/Ｊ=FpGoHence,ｗｅｈａﾊﾟｸﾞeasequenceofsuljectiveringhomomorphisms：
ＺｐＧ－→ＺｐＧＯ－今ＦｐＧＯ・
InpartiCUlar,ＳｉｎＣｅＦｐＧＯｉＳａＳｅｍｉＳｉｍＰｌｅｒｉｎｇ１thereiSadeCOmPOSitiOn
FpGo＝Ｈ１＄Ｒ２＄…＄Rr
intoadirectsumofsimplesubrings・Ｌｅｔ５ｆｂｅｉｄｅｎｔｉｔｙｅｌｅｍｅｎｔｏｆＲｉ、Ｗｅｓｅｅ
ｌ＝Ｅ，＋ｃ２＋…＋５７．
HiroshiYAMASHITA：ＡＮｏｔｅｏｎｔｈｅＳｔｒｕｃｔｕｒｅｏｆｔｈｅかClassGroup ３
Ｅａｃｈ５ｉｌｉｆｔｓｏｎａｎｉｄｅｍｐｏｔｅｎｔｅｉｏfZpGobytheliftingidempotenttheorem・Namely1thereareef，ssuch
that
(5) ｌ＝ｅ，＋ｅ２＋…＋ｅｒ
holdsandsuchthate`ej＝Oifi≠j,ｃメ§１of[3｝LetＳ'betheset{e,,e2,…,eγ}Bythedecomposition
(5),everyZpGo-moduleMisdecomposedintoadirectsumofsubmodules：
Ｍ＝ｅ1Ｍ＄ｅ2Ｍ＄…ｅｅｒＭ．
WestudyeachfactoreiMinthispaper、LetMbetheFpGo-moduleFp⑭zpMDenotebyre(Ｍ)ｔｈｅ
ｍinimalnumberofelementsofMgenerａｔｉｎｇｅＭａｓａＺｐＧｏ－ｍｏｄｕｌｅｆＯｒｅｅＳ/、Ｗｅｓｅｅ
re(Ｍ)＝Ｔｅ(Ｍ)，
byNakayama，ｓｌｅｍｍａ
ＴｈｅｓｕｂｒｉｎｇｅＦｐＧｏｉｓａｓｉｍｐｌｅｒｉｎｇｆｂｒｅａｃｈｅｅＳ'、Hence，itisadirectsumofminimalleftideals
ｅＦｐＧｏ＝Ｌ１＄Ｌ２＄・・・ｅＬｍ．
EveryminimalleftidealsareisomoｒｐｈｉｃｔｏｅａｃｈｏｔｈｅｒａｓｌｅｆｔＦｐＧｏ－ｍｏｄulesLetLebearepresentativeof
theisomorphismclassesofminimalleｆｔｉｄｅａｌｓｏｆｅＦｐＧｏ・ＷｅｈａｖｅＬｅ=Ｌｅｄｆｂｒｌ＜ｊ＜ｍ・Misisomorphic
toadirectsumofcopiesofLeLetme(Ｍ)bethemultiplicityofLe・Weabusenotationanddenoteby
me(〃)themultiplicityme(Ｍ）SinceLeismono-generatedasaZpGo-module,weobtain
γe(Ｍ)≦ｍｅ(Ｍ）
Forexample,setＭ＝eFpGb・Weseere(Ｍ)＝ｌａｎｄｍｅ(Ｍ)＝mlfGoisnon-commutative,thereis
esuchthatm＞lThus,thevalueofme(Ｍ)ｄｏｓｅnotgivesthecorrectvalueofre(Ｍ）Nevertheless,if
eFpGoiscommutative,γe(Ｍ)＝ｍｅ(Ｍ)isva]idBythereasonthatitishardtocomputere(Ｍ),wefOcus
onme(M)inthispaperLetSbethesubsetofS'excludingtheidempotente＝丙Ｅ・EＯＵａ
４．Kummerradicals
LetebeanidempotentbelongingtoS・WehaveeVX,＝0,becauseVX`isatrivialGo-module・Bytheexact
sequence(2),wealsosee
meMJ))＝ｍｅ(Ｗ）
SinceeGal(Ｍｑｂ/Ｋ)＝０，wealsoobtain
ｅV(o)二eGql(Hob/Ｍａｂ)＝ｅＧＭＨａｂ/Ｋ）
bytheexactsequences(2)and(3)Therefbre,theproblemofcomputingme(Ｗ)isreducedtoaproblem
ofcomputingｍｅ(Ｆｐ②Ｃａｌ(Ｈ･b/Ｋ)）Ｌｅｔ〃bethefixedfieldbyGql(Ｈａｂ/Ｋ)、Ｈ鱸/Ｋｉｓａ(P,…,P)-
elementaryabelianextension、
ＷｅｓｕｐｐｏｓｅｐｉｓｏｄｄａｎｄＫｃｏｎｔａｉｎｓａｐｒｉｍｉｔｉｖｅｐｔｈｒｏｏｔｏｆｕｎｉｔｙｆｂｒｔｈｅｓａｋeofsimplicity．Ｈ＊isa
compositeofKummerextensionsofdegreep，ＤｅｎｏｔｅｂｙＢｔｈｅＫｕｍｍｅｒｒａｄｉｃａＬＴｈｅｒｅｉｓａＫｕｍｍｅｒｐａｉｒｉｎｇ
ｏｎＢ×Ｃａｌ(Ｈ*/Ｋ)takingvalueinthegroup仲generatedbyapthrootofunity,ｃメ§２ｏｆ[3ILetT
beaminimalleftidealofFpGosuchthatTニルThen,HomFp(Ｔ,Ｌｅ）isasimpleleftFpGo-moduleby
givingactionofひｅＧｏｏｎ/ｂｙワノーぴ。ノ。び-1．Thus,ｔｈｅｒｅｉｓｅ＊ＥＳ'suchthat4isisomorphicto
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HomFp(Ｔ,Le).Wecalle*thereHectionofeDenotebyS*thesubsetS'１{E,E*}BytheKummerpairing，
eBandeTql(Ｈ*/Ｋ)aredualtoeachotherfbreveryeES*Thus，
(6)ｍｅ(B)＝ｍｅ篭(Ｃａｌ(〃/K))＝ｍｅ鰯(I/】(/)）
Wehavethefbllowinglemma：
Lemma4.Ｌｍｅ(V】(〉))ise9u0ltome毫(B）ＴＭＭe…Ｍｒｅ(Vl;))がeFpGoMmmut0t伽
LetPbethesetofplacesofKlyingabovepAKummerextensionKMDisasubfieldofH*ifand
onlyifitsatisfiesthefOllowingconditions：
（１）everyidealPlpofMisunramifiedinM((;/ZJ)/Ｍ
（２）Ｃ/ZJEMufbraprolongationujofeveｒｙ２ﾉeR
LetPbbethesubsetofPconsistingofplacesusuchthatthereisqe（ＭｍｐｎＫ６<satisfyingu(α)＝Ｏ
ｍｏｄｐ,whereｕ(α)denotesthevaluationofqnormalizedbyaprimeelementoMb・ＳｅｔＰ,＝P1PbLetT
beunionofPbandthesetofplacesoMwhichareramifiedinM/KandwhicharenotelementsofR
Lemmａ4.2．ＬｅｔｔＤｂｅｑｐｍｌｏｎ９ｑｔｉｏｎｑ/ａｐｌａｃｅｓｕｅＰｏ〃ｔｏＭ此notebZﾉＭＨｉｂｔｈｅｍⅧmqJqMjan
eztenＳＩＯ"q/Kbco"tumedmMu,､LeWbOwespl/HlbﾉbetﾉZe1Mt97DUpqfKb征Sp・ＭＷｍ/Ze",ＫＭ[)Ｃ
Ｈ＊ヴｑＭｏｎｌｙがthe/bJJouﾉｍ９ｃｏｎｄ伽nsMd：
（iノｔ/ZePrmcjPuJideal(α）ｑ/KiSqPmdwtqpbqft/ZePt/ZPouﾉｅｒｑ/qnjdeqlqtuhosep伽ｅｄＭＳｏｍｓｑｍｅ
Ｔﾉaluatjonjdeqlsq/pJQcesnotconmi"eｄｍＴＵＰｂ（Ｍα〃ｊｄｅｑｌｂｕﾉﾉDoseprjmedjtﾉIisorsdmetMLqtjon
jdeqlM/Plqcesco〃ｍｍｅｄｍＴＵＰｂ／
（ijﾉﾉbwMpJmcesue凡,MsqneJeme"tq/(MMibx)ｐｎＫ１ｒ；
伽ﾉﾉbrqpJqceueP1,Ｍsα〃elementq/((UHib)ｐｎＵｂ)KJp．
Pmq/:Thecondition(1)intheaboveissatisfiedif(i)holds．’f(ii)ａｎｄ(iii)holds,thecondition(2)
isvalidConversely,thecondition(1)impliesU(α)＝OmodpfbreveryplacenotbelongingｔｏＴＵＰＩｆ
ｕｅＴ,itisnotramifiedinMMJ)/Ｍ,becausetheramificationindexｏｆＵｉｎＭ/Kisdivisiblebypandthe
ramificationistame・ItfOllows(i)holds・SinceKU(瓶)isabelianoverhitisasubfieldofM3b・Thus，
thecondition(2)isequivalenttoqe(ＭＭlib×)pltfbllowsthecondition(ii)holdslfuePi,ｗｅｈａﾊﾉeqisan
elementof((Ul;b)１Ｋ;<p)ｎＫＪＨｅｎｃｅ,αＥ((U3b)ｐｎＵｂ)KJpltfbllows(iii）９．Ｍ．
Weremarkthatthereisqsuchthatu(α)＝OmodpfbraplaceuePbbythedefinitionofPbandthatthe
principalideal(α)hasthemultiplicityofPunotbeingdividedbyp・Hence,theidealbof(1)hasafactor
concerningthisprime
LetIkbetheidealgroupofKLetITbethesubgroupgeneratedby{ＰｕｌｕＥＴ}・DenotebyPKthe
groupofprincipalidealsofKLetCbethesubgroupofIK/hPKconsistingofeveryp-torsionelements
WehaveanFpGo-homomorphismofBintoCby§２ｏｆ[3lNotetheKummergroupBisasubgrouｐｏｆ
Ｋｘ/Ｋｘｐ・TakeanelementqKxpofBBythecondition(i)ofLemma2,thereisadecomposition(α)＝qpb
fbrbeITqisanidealqwhichisnotdivisiblebypUfbranWeTLetcl(q)beanelementofCgenerated
byq,thatisqITPK・Ｉｆｑ'＝qbpisanotherrepresentativeofthｅＫｕｍｍｅｒｅｌｅｍｅｎｔａ＝ｑＫｘｐ・Wehavea
decomposition(α')＝q'pb'・Sinceq々PKcontainsqb(6-1),Cl(｡)＝Ｃｌ(q'）Theclasscl(q)isdeterminedfbr
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auniquelybltfOllowsthatthiscorrespondencedefinesanFpGo-homorphismofBintoC・ＬｅｔＢ１ｂｅｔｈｅ
ｋｅｒｎｅｌａｎｄｌｅｔＢＯｂｅｔｈｅimage・Wehaveanexactsequence
(7)Ｏ→Ｂ,→Ｂ→Bo-→O
ofFpGo-modules
LetEbetheT-unitgroupofKForanelementofa＝ｑＫｘｐＥＢ１,thecondition(i)ofLemma2isalways
valid・ThismeansacontainsanelementofENamely,Ｂ１ＣＥＫｘｐ/Ｋｘｐ・SinceEKxp/Ｋｘｐ＝Ｅ/Ep,we
mayconsiderB1isasubgroupofE/EpwhichisgeneratedbyT-unitssatisfyingtheconditiｏｎ(ii)ａｎｄ(iii）
ｏｆＬｅｍｍａ２ＬｅｔＬｕ：Ｋ→KbbeoneoftheembeddingsdefinedbｙｔｈｅｐｌａｃｅｕＰｕｔ
Ｕ＝ⅡＫＪ×ⅡＵｉハ
ＵｅＲ〕UEP1
EismappedintoUbyaninjectivehomomorphismL(､)＝(ＬＵ(z)几Ep・WeconsiderEasubgroupofUbw
LetVbethesubgroupofUdeterminedfromthecondition(ii)ａｎｄ(iii)：
ｖ＝Ⅱ(MHibx)pnKJ×Ⅱ(uWnui〃
ＵＥＰｈＴﾉeP1
B1isthekernelofE/Ｅｐ－→Ｕ/Ｖ・SinceLisinjective,wehavethefbllowingexactsequenceofFpGo‐
modules：
(8)0-→Ｂ,_Ｅ/Ep一Ｕ/Ｖ－→Ｕ/ＶＥ－→Ｏ
Ｌｅｍｍａ４､３．ｔ/ZemeemstsqnFpCo-/JomomoFp/Zjsm./b：○一→Ｕ/ＶＥ,fu/ZoseAemeJjsBo．
Ｐｍｑｆ：LetqbeanidealcontainedinceOTheｒｅａｒｅｑｅＫ×ａｎｄｂｅＩＴｓｕｃｈｔｈａｔｑｐ＝(α)bLet
D＝mEp[pUbetheprodllctofvaluationidealsfOrueP1・Ifwechooseanidealqfromcsothat(ﾛ,､)＝１，
weseeL(α)ｅＵＴｈｕｓ,（α)VEisanelementofU/VEWetakeanotheridealu'ecsuchthat(q'’0)＝l
Thereareq'ｅＫｘａｎｄｂ'Ehsuchthatq'p＝(α')b〈Sinceq'＝ｑ(α)b''fbr(α)ＥＰＫａｎｄｂ〃EIT,ｗｅsee
（｡')b'＝(ααj))b''ph
ThereiszeEsuchthataノーααpar・Hence,ａｐｅＵ・ＴｈｉｓｉｍｐｌｉｅｓａＥＵ・ＳｉｎｃｅＶっＵｐ,ｗｅｓｅｅｃＬ′ＶＥ＝αＶＥ・
ＴherefOre,ａｍａｐｏｆＣｉｎｔｏＵ/VEisdefinedby/b(c)＝ｑＶＥ、Suppose/b(c)＝VEThismeansaEVE
ThereiszeEsuchthatqm-1eVItfOllowsceBo,becauseqp＝(α⑰-1)(α池ｑｅ.｡．
Ｂｙｔｈｉｓｌｅｍｍａ,weobtainanexactsequence
(9)Ｏ一Bo-→Ｃ－→Ｕ/ＶＥ→Coker允一O
ofFpGo-modules
Theorem4､４．Letebea7MdempotenteJeme"ｔｃｏｎｔｑｍｅｄｍＳ*、Ｐｍｔ
｡e＝ｍｅ(Ｅ/Ep)－ｍｅ(U/Ｕｐ)＋ｍｅ(V/Ｕｐ）
Z比､,ｕﾉｅｈａｕｅ/b7wMqs
(１０）
(11）
(12）
me(Bo）
me(Ｂ１）
ｍｅ(Ｂ）
ｍｅ(Ｃ)－ｍｅ(U/ＶＥ)＋ｍｅ(Coke『ん）
｡e＋ｍｅ(U/ＶＥ）
｡e＋ｍｅ(Ｏ)＋ｍｅ(C0Aer九）
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Pmq/:Bytheexactsequence(7),ｗｅｈａﾊﾞｸﾞeｍｅ(Ｂ)＝ｍｅ(BO)＋ｍｅ(B,）Hence,（12)fbllowsfrom(10）
and(11）SinceVつＵｐ,wehaveanexactsequence
0→WUp→Ｕ/Up→Ｕ/Ｖ→０
Thus,ｍｅ(U/V)＝ｍｅ(U/Up)－ｍｅ(I//Up）Ｓｍcetheremainderpartofthetheoremisobviousfromthe
exactsequences(8)ａｎｄ(9),wecompletetheproof
ＬｅｔｕｏｂｅａｐｌａｃｅｏｆＡ．TakeanarbitraryextensionuofuoontoKLetGubethedecompositiongroｕｐｏｆ
ＵｉｎＫ/kLetTubetheFpGu-modulMpwhenweconsideritisasubgroupoM3<・WedefineFpGo-modules
luuandTuＯｂｙ
Iu｡＝FpGo⑭FpGUFp二Ｆp(ＣＯ/ＧＵ)， T⑪()＝FpGo②ＦＡＴｕ＝Ｆｐ(Go/Gひ)⑭ＴＵ．
DenOtebyZM7weSp・Ｐｂ’ん)thesetofrestrictionontMofplacescontainedinT(泥ＳｐＰｂ）ＦｏｒｅｅＳ*,ｗｅ
ｈａﾊ'ethefbllowingfbrmulasfrom§3of[3]：
Ｚｍハ)＋Ｚｍｅ(r鋤⑪）
UolooUoEn
Zme(ＴＭ＋[ん:Q]me(FpGo)＋Ｚ、｡(rひ｡）
UolpUoePb上
ｍｅ(Ｅ/〃）
ｍｅ(U/Up）
(13）
(14）
５．CyclotomicZp-extensions
WesuppoｓｅＡｃｉｓａｔｏｔａｌｌｙｒｅａｌｆｉｅｌｄＬｅｔＫｂｅａnabelianextensionofルcontainingaprimitivepthrootof
unitysuchthatpⅡＫ:lclSetM＝Ｋ(〈p"+]）fbraprimitiveP"+lthrootofunity・Wesuppose
Qp(（p"+')ｎＫ｡＝Ｑp(金）
holdsfbrevelyueP・WeseethatGql(Ｍ/Ｋ)二ｃａｌ(Ｍ"/Ｋｊ＝Ｚ/p”ZfbreveryUePandthatevery
placeuEPistotallyramifiedinM/ＫａｎｄＴ＝OThus,EistheunitgroupofKandCisthesubgroupof
かtorsionsoftheidealclassgroupofKSinceMisaCM-field,Ｃａｌ(Ｍ/A)containsthecomplexconjugation
maｐＴＩｔｂｅｌｏｎｇｓｔｏＧ0．ＮｏｔｅＴｅ＝±ｅｈｏｌｄｓｆＯｒａｎｉｄｅｍｐｏｔｅｎｔｅｅＳ/、ｅｉｓｃａｌｌｅｄｏｄｄｉｆＴｅ＝－ｅａｎｄｉｓ
ｃａｌｌｅｄｅｕｅｎｉｆＴｅ＝ｅ、
Ｌｅｍｍａ５､ＬＷＣ/mUede＝ｍｅ(E/Ep)－[ｈＱ]ｍｅ(FpGo)．
Pmqf:SinceMucontainsthep-cyclicextensionKu(〈p2)oMUbytheassumption,ｗｅｈａﾊﾞｸﾞｅ
ｗＵｐ＝Ⅱ似似三Ⅱ元鮓
ＵＩＪ,UIp
Hence,ｍｅ(I/ﾉUp)＝zUulpme(Tuu)．Ｂｙ(14),weseeme(U/Up)－ｍｅ(V/Up)＝[ん：Ｑ]ｍｅ(FpGo),because
Pb＝OTherefOre，
。e＝ｍｅ(E/Ep)－[ん:Ｑ]ｍｅ(FpGo)．
9.ｃｄ．．
ＢｙＬｅｍｍａ４１ａｎｄＴｈｅｏｒｅｍ４４,wehavethefbllowingtheorem：
HiroshiYAMASHITA：ＡＮｏｔｅｏｎｔｈｅＳｔｒｕｃｔｕｒｅｏｆｔｈｅ〃ClassGroup ７
Ｔｈｅｏｒｅｍ５､２．ＦｂｒｅｅＳ*，Ｔｕｅｈａｕｅ
(15）ｍｅ蕊(Bo）＝ｍｅ零(Ｃ)－ｍｅ零(U/VE)＋ｍｅ露(Coke『ん）
(16）ｍｅ･(B,）＝ｍｅ(E/Ep)－[片：Ｑ]ｍｅ(FpOo)＋ｍｅ･(U/VE）
(17）ｍｅ(V】|｝)）＝ｍｅ､(B)＝ｍｅ診(E/Ep)一価Ｑ１ｍｅ｡(FpGo)＋、｡-(C)＋ｍｅ．(００ﾉＷb）
LetＡ”betheidealclassgroupofM＝Ｋ(砂+,）ａｎｄＤ”bethesubgroupgeneratedbyprimeideals
dividingpeZp⑭A"/D"isisomorphictoeGqJ(H/M)ThismodulevanishesifandonlyiM/】|〉)＝O
Corollary5､３．s皿pposeeES＊jseuen・ｅＺｐ⑭Ａ"/Ｄ”UqmshesがｑＭｏｎｌ"が
［AC：Ｑ]ｍｅ霞(FpGo)＝ｍｃ｡(Ｃ)＋ｍｅ霞(CoAer九）
ｈｏｌｄ８．
Pmoq/:Ｗｅｈａｖｅｅ*Ｅ/Ｅｐ＝ＯａｎｄｅＷ/ＶＥ＝ｅＷ/Ｖ,ｂｅｃａｕｓｅＥｉｓｔｈｅｕｎｉｔｇｒｏｕｐｏｆＫＷｅｈａｖe
me勤(Ｂ,)＝OThus,ｅＺｐ②Ａ/Ｄ＝Oifandonlyifme｡(Bo)＝ＯＢｙ(15)inTheorem5､2,vanishingofe*Bo
isequivalentto
me華(Ｃ)＋ｍｅ雲(Coke'九)＝ｍｅ零(U/Ｖ）
WeshowintheproofofLemma51thatｍｅ零(U/Ｖ)＝|Ａ:Ｑ]ｍｅ零(FpGo)holds､９．Ｍ．
CorollaryＭ、SupposeeeS＊jso(ＭｅＺｐ⑭Ａ伽/Ｄ伽⑪(mis/lesが〔Monl1/`/Wze蕊(U/ＶＥ)＝ｍｅ率(C)＝０
Pmqf:Wehaveme零(E/〃）＝[ＩＣ：Ｑ]ｍｅ零(Ｆ"ＣＯ)ｂｙ（13）Hence,。e・＝ＯｂｙＬｅｍｍａ５・LIfeZp②
A､/､"＝０，wehayeme壜(Bo)＝ＯＨｅｎｃｅ
ｍｅ塗(Ｃ)＋ｍｅ零(Coker/b)＝ｍｅ拳(U/ＶＥ）
Sinceルー０，wehEwethisvalueequalsOby(17）Then,ｍｅ輩(Ｃ)＝ｍｅ簿(Coker/b)＝OConversely,suPPose
me簿(U/ＶＥ)＝ｍｅ蕾(Ｃ)＝OWehaveme感(Bo)＝０，ｂｅｃａｕｓｅＢｏＣＣＢｙ（16),wealsohEweme華(Ｂ１）＝O
Thus,ｍｅ零(Ｂ)＝０９．Ｍ．
LetYbetheprojectivelimitofZpAn/Ｄ”withrespecttonormmapsofMitoMfbｒｊ＞ｊ・Weshowed
thattheGreenbergconjectureandtheLeopoldtconjectureareholdsfbrKsimultaneouslyif(１－γ)Ｙ＝Ｏｉｎ
[２１IftheLeopoldtconjectureisvalid,wehavetheGreenbergconjectureholdsifandonlyif(1＋γ)Ｙ＝O
Thefirstcorollarygivescriterionfbrvanishingof(1＋γ)Yandtheseconddosefbrvanishmgof(１－丁)Ｙ・
ＯＴｈｅｃａｓｅＴ≠O
WeshowasimpleexamplesuchthatTisnotemptysetLet9beaprimenumbersuchthatPl9-L
SetK＝Ｑ(〈9,〈p)LeMbeanotherprimenumbersuchthaｔｐｌ２－ｌＬｅｔＭ'bethemaximalsubfieldof
Q(Ｑ)whosedegreeisapowerofpSetM＝Ｍ'ＫＬｅｔｐ`bethemaximalpowerofpdividing２－１，and
fUrthermore,let/bethemaximalpowerofpdividingt・WehaveTisthesetofplaceslyingabｏｖｅ９ａｎｄ
Ｐｂ＝０．Hence,Ｅｉｓｔｈｅ９－ｕｎｉｔｇｒｏｕｐｏｆＫａｎｄＣｉｓｔｌｌｅsubgroupof沙torsionsofthequotientoftheideal
classgroupofKbythesubgroupgeneratedbyallprimedivisorsof9Byvirtueof(13),ｗｅｈａｖｅ
ｍｃ(Ｅ/Ｅｐ)＝ｍｅ(I｡｡)＋ｍｅ(19）
ＦｏｒｕＥＰ,MMmisanunramifiedextensionofdegreepfWeshowedin§2of[3]thattheKummerradical
oftheunramifiedp-extensionofKuisisomorphictoTUif／＞OHence,Ｖ/Ｕｐ＝TpWeobtainthefbllowing
consequencefromTheorem44：
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Ｔｈｅｏｒｅｍ６､１．ＦｂｒｅｅＳ*，ｕﾉｅ/ZＱｕｅ
(IノノｂｒｅｕｅｎｅｑＭノー０，
ｍｅ(V)(;))＝ｍｅ頚(１２)＿ｍｅ鋤(Tp)＋me.(O)＋me麹(００ﾙe『ん)－me薑(FpGo)；
倒允ｒｅｕｅｎｅＱＭノ＞０，
ｍ.(Vl/))＝ｍｅ篭(１２)＋me"(O)＋me.(OOAer九)－ｍｅ壜(FpGo)；
〃/ｂ『ｏｄｄｅｄＭノー０，
ｍｅ(Vl〉))＝ｍｅ診(I`)－m..(Tp)＋me蘂(C)＋me診(Coke『/b)；
αﾉﾉb7oddeq"｡/＞０，
ｍ.(V】(｝))＝ｍｅ動(I`)＋ｍｅ｡(C)＋me｡(COﾉＷb)；
WesetthemaximalかextensioncontainedinQ(Ｑ】,<22,…Ｑ蕨）fbrprimessatisfyingpl2i-1toM'in
thisexample・Ｉｔｉｓｎｏｔａｈａｒｄｔａｓｋｔｏｄｏ
Ｆｉｎａｌｌｙ,wemakeremarksconcerningbhefbrmulaofmc(V】|〉)）Weseethatthefbrmulahasanuncontrolled
factorme蕊(Coker/b)．Itisthemostimportantproblemtomakeclearthisfactor・ThismayrelatetoK2
ofthefieldKThefactorme･(Ｔ２)_ｍｅ･(WUp)givesthecontributionoftheramificationofprimeideals
me雲(WUp)hasameaningofrealizationaslocalextensions,whichcancelme筆(Ｔｌ),becauseitisadirect
productofthelocalKummergroupsatprimeslyingａｂｏｖｅｐ．
References
[1]OWCurtis,IReiner,MethodsofRepresentationTheolywithApplicationstoFiniteGroupsand
Ordersl,ＪｏｈｎWilly＆Sons，1981．
[２１HYamashita,Onthelwasawainvariantsoftotallyrealnumberfields,manuscriptamath79(1993)，
１－５．
[３１HYamashita,Ontherankofthefirstradicallayerofalclassgroupofanalgebraicnumberfield，
NagoyaMathJl56(1999),85-108
